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THE INJECTIVITY RADIUS OF LIE MANIFOLDS
PAOLO ANTONINI, GUIDO DE PHILIPPIS, AND NICOLA GIGLI
Abstract. We prove in a direct, geometric way that for any compatible Riemannian metric
on a Lie manifold the injectivity radius is positive.
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1. Introduction
Lie manifolds has been introduced by Amman, Nistor and Lauter [3] for index theoretic
purposes. They constitute a large class of non compact manifolds, admitting a topological
compactification to a manifold with corners or singularities, where some of the features of
classical (i.e. on closed manifolds) Index theory still persist. Among the most notable are:
the existence of a good Sobolev theory [2] and a Pseudodifferential calculus [4]. Interesting
index formulas have been recently proven in this setting [6, 7]. In many particular cases a
number of important results have been obtained by Melrose and his collaborators (see [12]
and the references in [15]).
The interaction between geometry and analysis is intrinsic in the Lie manifold structure,
which is specified by a suitable Lie algebra of vector fields on its given compactification. We
could say that the geometry is described by an algebra of differential operators. Lie manifolds
are indeed the generalization of the Melrose’s boundary fibrations structures, at the heart of
his program [12].
We address the reader to these papers, and to the survey [15], for a number of examples
and applications. These comprise an highly non trivial Lie manifold structure on Rn, related
to the N -body scattering problem [17] and the Melrose b-geometry [13], which furnishes, in
a precise sense, the most basic case.
Indeed informally, a Lie manifold is the interior M◦, of a compact manifold with corners
M whose geometry at infinity is described by a Lie algebra V(M) of vector fields on the
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whole of M . This structural Lie algebra is required to be a finitely generated projective
C∞(M)-module which is exactly the whole tangent bundle on the interior. Regarding the
boundary behaviour, one requires that V(M) ⊂ Vb(M), the latter being the Lie algebra
of all the vector fields that are tangent to every boundary hyperface. The module Vb(M)
corresponds to Melrose’s b-geometry.
From the Serre-Swan theorem, the vector fields on V(M) are precisely the sections of a
vector bundle A −→ M . The remaining assumptions on V(M) add more structure to A
which becomes a boundary tangential Lie algebroid ; A plays the role of the tangent bundle
for the Lie manifold structure. The anchor map ρ : A −→ TM which relates the Lie manifold
structure with the differential geometry of M is an isomorphism over the interior and, in
general, degenerate over boundary points.
Any vector bundle metric along A restricts via ρ to a Riemannian metric on M◦, called
a compatible metric. In [3], the authors study the Riemannian geometry of these metrics.
They prove, among other things, that M◦ is always complete with infinite volume and the
curvature tensor is uniformly bounded with all its derivatives.
In many instances of analysis on open manifolds is favourable to have a positive lover
bound for the injectivity radius. The package: completeness, bounded curvature and positive
injectivity radius (uniformly bounded by a positive constant ) is called bounded geometry in
literature.
Under mild assumptions, Amman, Nistor and Lauter, show that the injectivity radius is
positive; moreover they conjecture that this is always the case, [16, Conjecture 4.11] .
Their main tool is the Lie-algebroid version of the Levi Civita connection and its associated
geodesic flow on the A-sphere bundle.
That the conjecture is true seems to be contained in the deep results of Debord [10],
Crainic and Fernandes [9] and in implicit form in [14]. From their work it follows that A is
integrable i.e. it comes from some Lie groupoid G. The same groupoid is used to construct
a pseudodifferential calculus and various operator algebras on M◦ (see [4]).
Here we give a simple geometric proof of this conjecture in the spirit of [3].
Theorem 1.1. Let (M ;A) be a Lie manifold. For every compatible metric, the injectivity
radius of M◦ is bounded from below by a positive constant.
Theorem 1.1 originates from the interest of the authors in understanding, in a geometrical
way, how the existence of a compactification forces the injectivity radius to be positive.
Our proof follows from the application of the b-version of the period bounding Lemma
(Theorem 5.1 and Lemma 5.2) to the A-geodesic flow. In the reformulation of Debord [10],
says that there is a positive lower bound to the prime period of all the (non constant) orbits
of a compactly supported C1 vector field.
It is very interesting to note that also the above mentioned theorems of integration of al-
gebroids and the proof of the longitudinal smoothness of the Holonomy groupoid of singular
foliations of Androulidakis and Skandalis [5, 10] rely on the Period bounding Lemma
Acknowledgements. The authors thank Bernd Ammann and Victor Nistor for many
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INJECTIVITY RADIUS 3
‘Geometric Variational Problems’ (RBSI14RVEZ), N.G. is supported by the MIUR SIR-
grant ‘Nonsmooth Differential Geometry’ (RBSI147UG4).
2. Lie manifolds
A Lie algebroid over a manifold M is a vector bundle A→ M with a Lie algebra structure
on the space of sections Γ(A), a morphism of vector bundles ρ : A −→ TM , called the anchor
map, which is compatible with the action of vector fields as derivations:
[a, fb]A = f [a, b]A + (ρ(a)f)b, a, b ∈ Γ(A), f ∈ C
∞(M).
In particular ρ induces a morphism of Lie algebras ρΓ : Γ(A) −→ Γ(TM).
Let now M be a manifold with corners (see [3, 12] for basic notions) that is a topolog-
ical manifold with boundary locally modelled by quadrants of Rn with smooth change of
coordinates. Every point p ∈ M has a coordinate neighborhood Up where are defined co-
ordinates ϕp : Up −→ [0,∞)
k × Rn−k with ϕp(p) = 0. The number k ≥ 0 depends on p
and is its boundary depth. We assume that every boundary hypersurface H is an embedded
submanifold which admits a smooth boundary defining function: xH ≥ 0 with
H = {p : xH(p) = 0}, dpxH 6= 0, p ∈ H.
The tangent bundle TM is well defined as a vector bundle over M and it is a manifold
with corners on its own.
The projection pi : TM −→ M is an example of a submersion of manifolds with corners.
These are defined as smooth maps q : M −→ N between manifold with corners with the
property that dq(v) is inward pointing if and only if v ∈ TM is inward pointing. In this way
the fibers are smooth, without corners.
The Lie algebra of vector fields on M which are tangent to every boundary hyperface is
denoted by Vb(M). Every element in Vb(M) is called a b-vector field. Note that it must
vanish at boundary points of maximal depth and generates a complete flow which preserves
the boundary depth.
We say that an algebroid A over M is boundary tangential if ρ(Γ(A)) ⊂ Vb(M).
Definition 2.1. [3, 15] A Lie manifold is a couple (M,A) where M is a compact manifold
with corners and A is a boundary tangential Lie algebroid such that the anchor map is an
isomorphism over interior points.
Every Riemannian metric on the vector bundle A restricts (pulls back via ρ) to a Rie-
mannian metric on the interior M◦ which becomes complete with infinite volume and with
every derivarive of the curvature tensor uniformly bounded. Viceversa:
Definition 2.2. A Riemannian metric g◦ on M◦ is called compatible if it extends via ρ to a
vector bundle Riemannian metric on A.
3. Connections
3.1. Thick pullbacks and connections. Let q : E −→ M be a submersion of manifolds
with corners. We fix a Lie algebroid A
πA
//M with anchor map ρ : A −→ TM . The thick
pullback of A to E is a Lie algebroid q♯A // E with the following properties:
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• The fiber over e ∈ E is the vector subspace
q♯Ae := {(v, a) ∈ TeE ×Aq(e) : dq(v) = ρ(a)} ⊂ TeE ×Aq(e).
• Projecting on the two components we get a commutative diagram
q♯Ae
q∗

q♯ρ
// TeE
deq

Aq(e) ρ
// Tq(e)M
• If A is a boundary tangential algebroid, then q♯A is a boundary tangential Lie alge-
broid with anchor map q♯ρ [3, Lemma 2.16].
An Ehresmann connection with respect to A on E as above, is a smooth field of horizontal
subspaces e 7→ He ⊂ q
♯Ae such that q∗
∣∣
He
: He −→ Aq(e) is an isomorphism. The inverse of
q∗
∣∣
He
is the horizontal lift
he : Aq(e) −→ He, e ∈ E.
Notice he(a) = (v(a), a) for some smooth map v : q
∗A −→ TE defined on the standard
pullback q∗A.
In particular we can pullback A itself via piA and we get pi
♯
AA, a boundary tangential Lie
algebroid pi♯AA −→ A.
Let ∇ be an A-connection on A; this is a differential operator
∇ : Γ(A) −→ Γ(A∗ ⊗ A)
satisfying the natural extension of the usual properties of linear connections on vector bundles
with A playing the role of the tangent bundle:
(1) ∇fab = f∇ab
(2) ∇a(fb) = (ρ(a)f)b+ f∇ab,
for every a, b ∈ Γ(A) and f ∈ C∞(M). Then ∇ induces an Ehresmann connection on pi♯AA
in the following way
Vertical space: we declare the kernel of (piA)∗ to be the vertical space. It is a copy of
the vertical space T vA = Ker(dpiA) ⊂ TA. For this reason we have canonical vertical
lifts vla : AπA(a) −→ T
v
aA ⊂ (pi
♯
AA)a.
Horizontal space: we define directly the horizontal lift
(3.1) ha : Ax −→ (pi
♯
AA)a, x = piA(a).
Let b ∈ Ax; we extend a to a section Y :M −→ A with Y (x) = a and we define
ha(b) := (dxY (ρ(b))−∇bY (x), b)
where we consider ∇bY (x) ∈ Ax ⊂ T
v
aA.
This definition is well posed due to Leibnitz property of ∇. Finally notice the familiar
splitting
(pi♯AA)a = T
v
aA⊕Ha
∼= AπA(a) ⊕ AπA(a).
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Remark 3.1. When A = TM then pi♯TM(TM) is canonically isomorphic to T (TM). Indeed
its fiber at θ = (x, v) ∈ TM is the graph of dθpiTM : Tθ(TM) −→ TxM ,
(pi♯TMTM)θ = {(w, z) ∈ Tθ(TM)× TxM : dpiTM(w) = z}.
Assume that A is given with a metric which is preserved by the A-connection:
(3.2) ρ(a)〈b, c〉 = 〈∇ab, c〉 + 〈b,∇ac〉, a, b, c ∈ Γ(A).
Let S(A) be the sphere bundle of A i.e. the space of the vectors of lenght one. It is a bundle
of spheres with projection piS : S(A) −→M and a manifold with corners. We can pull back
A also to S(A).
Proposition 3.2. The following properties hold:
• pi♯SA ⊂ pi
♯
AA
∣∣
S(A)
with compatible anchors i.e. pi♯Aρ when restricted to S(A), is valued
on TS(A).
• At points a ∈ S(A), the horizontal lift for pi♯AA takes its values in pi
♯
SA and defines
an Ehresmann connection on S(A).
Proof. Since the projection of S(A) is the restriction of the projection of A the first statement
follows. For the second property, since the vertical tangent space of S(A) at a is the space of
the vectors which are orthogonal to a, we see that in the definition of the horizontal lift (3.1)
we can take the section extending a to be valued in S(A). Since ∇ preserves the metric,
every addendum in the definition of ha(b) will be tangent to the sphere bundle. 
3.2. Levi Civita connection. Let gA be a metric on the fibers of A. Since on M◦, the
anchor map ρ : A
∣∣
M◦
−→ TM◦ is an isomorphism, it induces the compatible Riemannian
metric g0 on M◦:
g0(v, w) := gA(ρ−1v, ρ−1w), v, w ∈ TxM, x ∈M◦.
We denote these metrics also with 〈·, ·〉0 and 〈·, ·〉A.
The Levi Civita connection of g0 extends from the interior to an A-connection i.e. to a
differential operator ∇ : Γ(A) −→ Γ(A∗⊗A) which preserves the metric gA (equation (3.2)),
since ρ induces an inclusion ρΓ : Γ(A) −→ Γ(TM) at level of sections.
For convenience of the reader we recall the construction of this connection, see [3, Lemma
4.2]. In the following we denote, for a section a ∈ Γ(A) as well as for a function defined on
M , with a0 its restriction to M◦. Let a, b, c ∈ Γ(A) then from the Koszul formula for the
Levi Civita connection we have
2〈∇0ρ(a)0ρ(b)0, ρ(c)0〉0 = 〈[ρ(a)0, ρ(b)0], ρ(c)0〉0 − 〈[ρ(b)0, ρ(c)0], ρ(a)0〉0 + 〈[ρ(c)0, ρ(a)0], ρ(b)0〉0
+ ρ(a)0〈ρ(b)0, ρ(c)0〉0 + ρ(b)0〈ρ(c)0, ρ(a)0〉0 − ρ(c)0〈ρ(a)0, ρ(b)0〉0.
The first term is the restriction to M◦ of the function
2
〈
(ρ
∣∣
M0
)−1∇0ρ(a)0ρ(b)0, c0
〉A
which extends to a smooth function on M . The extended function determines, via the scalar
product on A, a section of A which is our ∇ab.
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4. Geodesic flow
In this section, following [3], we study the A geodesic flow and we describe carefully its
relation with the geodesic flow on M◦. The main character is a b-vector field
Y ∈ Vb(A),
which is ρ-related to the generator of the geodesic flow of M◦. This means that ρ conjugates
their flows. The property that Y is tangent to the boundary faces will be crucial in the next
section to prove Theorem 1.1.
Let pi♯AA be the thick pullback of A to itself equipped with the Ehresmann connection
induced by the A-Levi Civita connection:
pi
♯
AA
(πA)∗

π
♯
Aρ
// TA
dπA

A
ρ
// TM
Let ha : Ax −→ (pi
♯
AA)a be the family of horizontal lift. The generator of the geodesic flow
is the section GA ∈ Γ(A, pi
♯
AA) defined by
GA(a) := ha(a) ∈ Ha.
For a manifold with corners N , we denote by N◦ the interior. In particular:
A◦ = A
∣∣
M◦
, and (pi♯AA)◦ = (pi
♯
AA)
∣∣
A◦
.
Proposition 4.1. We have the following properties:
(1) Let Dρ be the composition (pi♯AA)a
π
♯
Aρ
//TaA
daρ
//Tρ(a)(TM) , (w, b) 7−→ daρ(w). Then
for every a ∈ A◦ it is an isomorphism.
(2) The anchor map ρ induces a map R : pi∗AA −→ pi
∗
TMTM (standard pullbacks) covering
ρ which is an isomorphism on points over the interior piA(a) = x ∈ M◦ and there
interchanges the horizontal lifts of the two Levi Civita connections (hA associated to
A and hTM associated to TM). In other words we have a commutative diagram:
(4.1) Ax
ρ

(pi∗AA)a
R

hAa
// (pi♯AA)a
Dρ

ρ(a)=x∈M◦
TxM (pi
∗
TMTM)ρ(a)
hTM
ρ(a)
// Tρ(a)TM
(3) Again, over interior points let G0 ∈ Γ(M◦, TM◦) be the geodesic field of M◦. Then
we have the commutative diagram:
(4.2) A◦
GA

ρ
// TM◦
G0

(pi♯AA)◦ Dρ
// T (TM◦)
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Proof.
(1) Since ρ
∣∣
A◦
: A◦ −→ TM◦ is a diffeomorphism the anchor of pi
♯
AA (recall that is just
the first projection) is a diffeomorphism when restricted to the interior:
(pi♯Aρ)
∣∣
A◦
: (pi♯AA)
∣∣
A◦
−→ TA◦
with inverse given by the maps TaA◦ −→ (pi
♯
AA)a, w 7−→ (w, ρ
−1
x dapiA(w)). Then the
first arrow of our composition is a diffeomorphism; since also daρ is, this concludes
the proof.
(2) The map R is the lift of ρ. Therefore is an isomorphism over the interior. Let us
show now that the diagram (4.1) commutes. First of all, recall how the Levi Civita
connection on A is constructed: if s, c are local sections of A on the interior, then the
local section ∇sc is defined by
∇sc = (ρ
∣∣
M◦
)−1∇0ρ(s)ρ(c).
Now let z ∈ Ax and B a local section of A such that B(x) = a. We can assume that
∇B(x) = 0; hence hAa (z) = dxB(ρ(z)) and ρ(B) is a section of TM which is parallel
at x. It follows
Dρ(hAa (z)) = dx(ρ ◦B)(ρ(z)) = h
TM
ρ(a)(R(z)).
(3) It follows from point (2) because
Dρ(GA(a)) = Dρ(hAa (a)) = h
TM
ρ(a)(ρ(a)) = G0(ρ(a)).

If we apply the anchor of the thick pullback to GA we get a vector field on A which is
tangential to every face:
Y := pi♯Aρ(G
A) ∈ Vb(A).
Indeed pi♯Aρ is the anchor of the thick pullback which is a boundary tangential Lie algebroid.
We denote by ΦtY its flow on A. Recall that the flow preserves the boundary depth; in
particular flowlines emanating from the interior stay in the interior. Also, on interior points,
from the diagram (4.2) we see that
dρ(Y ) = Dρ(GA) = G0 ◦ ρ.
This identity says that the vector field Y on TA◦ and the geodesic vector field G0 on TM◦
are ρ-related. In terms of the action of vector fields as derivations, this means
(G0(f)) ◦ ρ = Y (f ◦ ρ), f ∈ C
∞(TM◦).
Therefore ρ conjugates the (interior) flows:
A◦
ΦtY
//
ρ

A◦
ρ

TM◦
ΦtG◦
// TM◦
Moreover since Y is a b-vector field; its interior flow is separated from the boundary.
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5. The injectivity radius
In this section we prove our main result, Theorem 1.1. First we recall the following
(see [1, 11, 16])
Theorem 5.1. (Period bounding Lemma [16, Section 1]) Let r ≥ 1 and V ∈ Cr0(M) be a
compactly supported vector field on a Cr+2 manifold M ; then there exists a number b > 0
such that every closed non constant orbit of V has period τ ≥ b.
We will apply the previous Theorem to a b vector field on a manifold with corners. Then
we need to check that we can extend the result to our case.
Lemma 5.2. Let M be a compact manifold with corners and V ∈ Vb(M). Then the conclu-
sion of the period bounding Lemma holds.
Proof. We can find an open manifold M˜ containing M as a bounded region; i.e. there are
smooth functions xi ∈ C
∞(M˜ ;R), i = 1, ..., m with
M = {y ∈ M˜ : xi(y) ≥ 0, for all i = 1, ..., m}
and, for every subset of indices J ⊂ {1, ..., m}, the xj for j ∈ J have independent differentials
at all the points where they all vanish. This can indeed, be taken as the definition of a
manifold with corners [13]. The vector field V extends in this way to a compactly supported
field V˜ on M˜ with the property that every flow line starting in M remains in M .
Using a partition of unity we just have to extend V across the boundary around a boundary
point where, say, only the first k of the defining functions xi vanish. Using these xj as
coordinates we can write
V =
k∑
j=1
aj(xj , y)xj∂xj +
r∑
ℓ=1
bℓ(x, y)∂yℓ.
In other words, we are taking coordinates for M valued in [0, ε)kx × (−ε, ε)
r
y, k + r = n.
To extend V with the needed property, we can plug into the previous formula any smooth
extension of the functions aj and bℓ. 
To conclude we will apply the period bounding Lemma to the restriction of Y to S(A).
We know that
Y
∣∣
S(A)
∈ Vb(S(A)),
by Proposition 3.2 .The vector field we obtain this way is called the geodesic spray.
Theorem 5.3. Let (M ;A) be a Lie manifold. For every compatible metric, the injectivity
radius of M◦ is bounded from below by a positive constant.
Proof. By the Klingenberg Lemma [8, Thm III.2.4] it is enough to show that the conjugate
radius and the length of any geodesic loop are bounded from below by a positive constant.
Rauch comparison Theorem and the fact the sectional curvature of M◦ is uniformly
bounded imply that the conjugate radius is bounded from below.
To conclude we have to show that there is a lower bound on the length of closed geodesic.
This is precisely the period of a periodic orbit of G0 restricted to S(TM◦), the unit sphere
bundle of M◦. The anchor map restricts to a diffeomorphismS(TM◦) −→ S(A◦) which, by
Proposition 4.1 combined with Proposition 3.2, conjugates the flow of (G0)
∣∣
S(TM◦)
with the
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interior flow of Y
∣∣
S(A)
. Since Lemma 5.2 provides a lower bound for the period of the closed
orbits of Y in S(A), this concludes the proof.

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